I comment on the proposal that the stability of dark matter may be due to an unbroken 2 symmetry contained in the partially broken lepton flavour symmetry group. I remark that (1) there is no 2 symmetry apparent in the lepton mass spectrum and in lepton mixing, (2) predictive models of this type may be constructed by using a lepton flavour symmetry group with three inequivalent singlets, to which the three left-handed-lepton gauge-SU(2) doublets are assigned, and (3) some predictions for the lepton masses and mixings are likely to be altered by radiative contributions to the neutrino mass matrix. I construct two models of this type in which the conserved 2 originates in a lepton flavour symmetry group D 4 .
Introduction
A large proportion of the matter in the Universe is "dark" and must be composed of some non-baryonic, neutral, massive, and stable-or with lifetime much larger than the age of the Universe-particle or particles. From the point of view of high-energy physics, the stability, on the cosmological time scale, of dark matter suggests the existence of some exact symmetry, most likely a 2 under which dark matter is odd while normal matter is even. If this is the case, then one may assume this 2 ad hoc but we would like, instead, to find a compelling reason for its existence.
It has been suggested [1] that the stability of dark matter may be due to an unbroken 2 subgroup of a spontaneously (partially) broken flavour symmetry group in the lepton sector. In two specific models embodying this idea [1, 2] , an A 4 lepton flavour symmetry group has been used. 1 The two models claim specific predictions for the neutrino masses and mixings: the first model [1] claims the predictions m 3 = 0 and U e3 = 0, 2 where U is the lepton mixing matrix and m 3 is the mass of the third light neutrino; the second model [2] apparently predicts (M −1
3 where M ν is the effective light-neutrino Majorana mass matrix in the basis where the charged-lepton mass matrix M ℓ = diag (m e , m µ , m τ ) is diagonal.
The fact that two distinct models have been produced with identical A 4 lepton flavour symmetry group and identical 2 unbroken subgroup, but with distinct predictions for lepton mixing, makes one suspicious that the unbroken 2 may have little to do with the claimed predictions. This suspicion marks the starting point of this investigation.
This paper is organized as follows. In section 2 I show that there is no exact 2 symmetry in the lepton masses and mixings; therefore, the exact 2 symmetry allegedly responsible for dark-matter stability cannot by itself alone lead to any predictions for the lepton masses and mixings. In section 3 I investigate some conditions that the lepton flavour symmetry group G of a predictive model of the type of those in references [1, 2] is likely to satisfy; I show that A 4 is the smallest G satisfying those conditions, but that there are other, slightly larger groups which also satisfy them. In section 4 I explicitly construct two further models with an exact 2 symmetry which is the remnant from a partially broken lepton flavour symmetry group G ⊃ D 4 , instead of G ≡ A 4 ; those models lead to realistic predictions for lepton mixing, distinct from the ones of the models of references [1, 2] . In section 5 I show that the predictions of models of this type may be altered when one considers the radiative contributions to the neutrino mass matrix. I summarize the main conclusions of this research in section 6.
2 × 2 × 2 symmetry. This invariance is completely independent of the specific form of M ν -though of course the form of S (a 1 , a 2 , a 3 ) depends on the form of M ν -and is just a mathematical consequence of the mathematical fact that a symmetric matrix may be bi-diagonalized by a unitary matrix.
However, these three 2 invariances of M ν are not, in general, invariances of the (diagonal) charged-lepton mass matrix M ℓ .
4 This is because the charged-lepton masses are not degenerate. For instance, the mass matrix M ν may display µ-τ reflection symmetry but, since m µ = m τ , that symmetry does not hold in the whole lepton sector. Similarly [6] , U e3 = 0 is equivalent to the presence of a 2 symmetry in M ν ; but, once again, that 2 cannot be extended to the charged-lepton sector. There is no exact 2 symmetry of the whole lepton sector. This means that the exact 2 symmetry supposedly responsible for dark-matter stability cannot, by itself alone, explain any features of M ν .
If one contemplates the models in references [1, 2] , one notices that in both of them the three left-handed-lepton gauge-SU(2) doublets D eL , D µL , and D τ L are invariant under the unbroken 2 subgroup of the lepton flavour symmetry group A 4 -they are not all invariant under the full A 4 but are invariant under its 2 subgroup.
Let us remind that the group A 4 is discrete and non-abelian; it has twelve elements, one triplet irreducible representation ("irrep") and three inequivalent singlet representations. In a convenient basis, the triplet irrep of A 4 is generated by
R generates the 2 subgroup of A 4 which stays unbroken. In the models of references [1, 2] , the three left-handed-lepton doublets are each assigned to one of the three inequivalent singlets of A 4 ,
which, as stands evident in equation (8), are invariant under the 2 subgroup of A 4 generated by R.
The predictions for M ν claimed in the models of references [1, 2] do not result from the unbroken 2 symmetry generated by R and allegedly responsible for dark-matter stability. Rather, they follow from other features of the models, viz. their restricted content of Higgs doublets and right-handed neutrinos, and the specific assignment of those fields to representations of A 4 . It is those features, neither the group A 4 nor its conserved subgroup 2 generated by R, which make the models of references [1] and [2] differ from each other.
The question that then arises is whether it is possible to construct other predictive models, beyond the ones in references [1, 2] , in which there is an unbroken 2 which is a subgroup of a larger, but spontaneously broken, lepton flavour symmetry group G. In particular, we would like to ascertain whether A 4 is the only possible G of models of this type.
It is clear that any such model, if it is to lead to any constraints on M ν , must treat the three left-handed neutrinos ν eL , ν µL , and ν τ L differently, since the neutrino mass term is
Now, ν αL is a component of the SU(2) doublet D αL , for α = e, µ, τ , hence the three D αL must be treated differently in the model. My Ansatz is, therefore, that D eL , D µL , and D τ L should sit in inequivalent singlet representations of G. On the other hand, from the fact that the unbroken 2 subgroup of G cannot constrain M ν , it follows that D eL , D µL , and D τ L must be invariant under that 2 .
We thus conclude that G should be a group satisfying the following conditions:
1. It has a 2 subgroup.
2. It has some non-singlet representations whose components transform differentlysome components are even and some others are odd-under the 2 subgroup. This is necessary in order that G may be spontaneously broken to the 2 subgroup when the 2 -even components of those representations acquire a vacuum expectation value (VEV).
3. It has (at least) three inequivalent singlet representations.
4. Those three inequivalent singlet representations are invariant under the 2 subgroup, i.e. they represent trivially the 2 subgroup.
A search [7] for discrete groups satisfying these four constraints shows that A 4 is the smallest of them. There are, though, many other, slightly larger groups satisfying the four constraints and unrelated to A 4 -for instance, the group D 4 × 2 , which has 16 elements and eight inequivalent singlets, or the group S 3 × 3 , which has 18 elements and six inequivalent singlets.
In the following section I shall present two models of my own, based on lepton flavour symmetry groups G of the form D 4 × n .
Other models 4.1 The group D n
The discrete non-abelian group D n (n ≥ 2) [8] is generated by two transformations A and D which satisfy
where e is the identity transformation. The group D n has 2n elements, which are e, A, D, AD, DA, ADA, DAD, . . . , (AD)
if n is even, and e, A, D, AD, DA, . . . , (AD)
if n is odd. The group D 2 is isomorphic to 2 × 2 . The group D 3 is isomorphic to the permutation group of three elements, S 3 . It follows from equation (10) that all the D n groups have two inequivalent singlet representations,
(1 ++ is the trivial representation.) If n is even, then there are two further inequivalent singlet representations,
All other irreps of D n (for n ≥ 3) are doublets. They may be written, in a real basis,
where c nq = cos (2qπ/n) and s nq = sin (2qπ/n), for q = 1, 2, . . . , (n − 2)/2 if n is even and q = 1, 2, . . . , (n − 1)/2 if n is odd. In the cases of D 3 and D 4 one may drop the index q because its unique value is then 1. In D 4 [9] , one has
and
In the representation of equation (17), D n is spontaneously broken, but its 2 subgroup generated by A stays unbroken, when the upper component of a D n doublet acquires a VEV but the lower component has null VEV; it is furthermore necessary that no singlet 1 −± acquires a VEV, lest A is broken by that VEV. These will be my assumptions in the following models.
A model using D 4 × 3
The group D 4 × 3 has 24 elements, twice as many as A 4 . Still, the following model has the advantage that it is economic in terms of fields, since it uses only three right-handed neutrinos ν 1,2,3R and four "Higgs" gauge-SU(2) scalar doublets Φ 1,2,3,4 . The fields transform under the family-symmetry group according to table 1, in which ω = exp (2iπ/3). Notice that D e,µ,τ L are all 1 +± under D 4 , therefore they are invariant under the 2 sub- 
whereΦ n = iτ 2 Φ * n for n = 1, 2, 3, 4 and v n is the VEV of Φ 0 n (the neutral component of Φ n ). One sees that the charged-lepton mass matrix is automatically diagonal as a consequence of the flavour symmetry. The neutrino Dirac mass matrix is
where ρ = v * 2 /v *
. The Lagrangian of right-handed-neutrino Majorana masses is
Hence, the right-handed-neutrino Majorana mass matrix is
I assume that the 2 subgroup of D 4 generated by A is left unbroken by the vacuum, which means that
(Φ 3 and Φ 4 are both D 4 -invariant, therefore their VEVs do not break D 4 .) Using the seesaw formula
it is easy to check that one obtains
These are the predictions of the model. It is not difficult to check that these predictions are compatible with the experimental data on neutrino masses and on lepton mixing.
A model using D 4 × 4
The following model also uses three right-handed neutrinos and four Higgs doublets. The fields transform under the family-symmetry group according to table 2. In this model the charged-lepton mass matrix is not automatically diagonal as a consequence of the symmetry; the right-handed charged leptons µ R and τ R are linear combinations of ℓ 2R and ℓ 3R , and the left-handed-lepton doublets D µL and D τ L are linear combinations of D 2L and D 3L . The Yukawa Lagrangian is The charged-lepton mass matrix is
The neutrino Dirac mass matrix is
Equations (22) and (23) also hold in this model, and we suppose as before that the vacuum features equation (24). One then obtains the predictions
The second of these predictions is at present somewhat disfavoured [10] but the situation is not settled yet.
Radiative neutrino masses

The scalar potentials
The scalar potential for the models of section 4 is
where
is invariant under a D 4 × 3 or D 4 × 4 transformation, and
breaks softly the 3,4 while preserving D 4 . The term in V sb is needed lest a neutral component of Φ 4 becomes a Goldstone boson, since the discrete 3 symmetry of the first model, or 4 of the second model, effectively becomes, in V sym , a continuous U(1) symmetry. The parameters λ 13 and µ 4 are complex, λ 12 is real; however, the phases of Φ 3 and Φ 4 may be rotated in such a way that λ 13 and µ 4 become real too. The models of references [1, 2] feature an A 4 triplet (Φ 1 , Φ 2 , Φ 3 ) T of Higgs doublets, together with a fourth Higgs doublet, Φ 4 , which is A 4 -invariant. Their scalar potential is for n = 1, 2, 3, 4. The 3 × 3 matrices ∆ n are the matrices of the Yukawa couplings of each Φ n , viz., in the model of subsection 4.2,
It is easy to see that the term
is an extra contribution to the M ν of equation (25) Similarly, in the model of subsection 4.3,
The relevant term is
and destroys the prediction m 1 = 0 in equation (30). The other prediction in that equation, viz. U e3 = 0, remains unaffected, though. The fact that the one-loop radiative contributions to the neutrino mass matrix are suppressed by loop factors (16π 2 ) −1 renders, in general, their practical consequences small. Take for instance the model of subsection 4.3: the masses of the first two light neutrinos, m 1 and m 2 , will be generated by the 2 × 2 mass matrix
where ǫ ∝ (16π 2 ) −1 is small. In the limit of small ǫ,
so that m 1 /m 2 ≤ |ǫ| ∼ 10 −2 .
The one-loop diagram in the A 4 models
The situation with the A 4 models of references [1, 2] is more complicated, because in those models there are two, instead of only one, VEV-less Higgs doublets Φ 2 and Φ 3 . In the scalar potential there are terms Φ †
, which lead to one-loop diagrams that mimic the situation in which both Φ 2 and Φ 3 actually had a VEV. Furthermore, those terms lead to CP violation via mixing of the real and imaginary parts of Φ 0 2 and Φ 0 3 . All the predictions for the neutrino masses and lepton mixings of those two models in general get lost, but the corrections to those predictions are suppressed by loop factors and should be small.
Conclusions
In this paper I have commented on two recently proposed models [1, 2] which make a connection between some predictions for lepton mixing and an unbroken 2 subgroup of the lepton flavour symmetry group A 4 . I have found that:
• The predictions for lepton mixing claimed in those models are not exclusively a consequence of the unbroken 2 subgroup. Rather, they follow mainly from the limited spectrum of right-handed neutrinos and of Higgs doublets in those models, and from the assignments of those fields to specific representations of A 4 .
• There are many other lepton flavour symmetry groups G, beyond A 4 , which may be used for constructing models with features analogous to the ones of those commented upon. The group A 4 is the smallest possible G, but any other group with a 2 subgroup into which it may be spontaneously broken, and with three inequivalent singlets which transform trivially under that 2 subgroup, can in principle be useful.
• The predictions claimed in those two models are altered when one considers the oneloop diagrams which generate radiative contributions to the neutrino mass matrix. Those one-loop diagrams mimic non-zero VEVs for the Higgs doublets that, in those models, are assumed wo have vanishing VEV.
I have also presented two further models of a similar type, but which use symmetry groups G = D 4 × n instead of G = A 4 . Both those models predict (after radiative corrections) and almost massless neutrino. Those models display other predictions which are not disturbed by the one-loop contribution to the neutrino mass matrix. In those models, there are one Higgs doublet and one right-handed neutrino which are odd under the conserved 2 symmetry and may contribute to dark matter.
